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$H$ $:=\{x+y\sqrt{-1}, y>0\}$ $\Gamma$ $vol(\Gamma\backslash H)$ $SL_{2}(\mathbb{R})$
Prim(r) $\Gamma$ $N(\gamma)$ $\gamma\in$ Prim(r)
2 ( [20,9]).
$\pi_{\Gamma}(x):=\#\{\gamma\in$ Prim$(\Gamma)|N(\gamma)<x\}\sim$ li $(x)$ as $xarrow\infty$ . (1)
Tr $(\Gamma)$ $\gamma\in$ Prim $(\Gamma)$ $tr\gamma$ $mr(t)$ $tr\gamma=t$ $\gamma\in$ Prim $(\Gamma)$
$tr\gamma=N(\gamma)^{1/2}+N(\gamma)^{-1/2}, N(\gamma)^{1/2}=\frac{1}{2}(tr\gamma+\sqrt{(tr\gamma)^{2}-4})$ ,
$\{(t, mr(t))\}_{t\in Tr(\Gamma)}$ $\Gamma\backslash H$ length spectrum (1)





length spectrum length spectrum
length spectrum $2\cross 2$
2 length spectrum







([22, 12, 18, 6]).
$\Gamma$ $m_{\Gamma}(t)$










$h_{2}(x):=\int_{2}^{x}(\log t)^{-2}dt$ $c_{SL_{2}(\mathbb{Z})}^{(2)}(r)$ ([3, 14]).
Lukianov[ll] $\Gamma_{0}(n)$ $\Gamma$
$c_{\Gamma}^{(2)}(0)$
number variance ([16, 11])
Theorem 1.1. $k\geq 2$ $r$ $:=(r_{1}, \cdots, r_{k})\in \mathbb{Z}^{k}$ $\Gamma$ $SL_{2}(\mathbb{Z})$
$\pi_{\Gamma}^{(k)}(x^{2};r):=\sum_{3\leq t<x}m_{\Gamma}(t+r_{1})\cdots m_{\Gamma}(t+r_{k})\sim c_{\Gamma}^{(k)}(r)1i_{k}(x^{k+1})$ ,
li$k(X)$ $:= \int_{2}^{x}(\log t)^{-k}dt$ $c_{\Gamma}^{(k)}(r)$ ( Theorem 3.1 ).
2 length spectrum
$n\geq 1$ $\mathbb{Z}_{n}:=\mathbb{Z}/n\mathbb{Z},$
$\Gamma(n) :=Ker(SL_{2}(\mathbb{Z})^{proj}arrow SL_{2}(\mathbb{Z}_{n}))=\{\gamma\in SL_{2}(\mathbb{Z})|\gamma\equiv Imod n\},$
$\hat{\Gamma}(n) :=Ker(SL_{2}(\mathbb{Z})^{proj}arrow PSL_{2}(\mathbb{Z}_{n}))=\{\gamma\in SL_{2}(\mathbb{Z})|\gamma\equiv\alpha Imod n, \alpha^{2}\equiv 1mod n\},$
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$\Gamma$ $\hat{\Gamma}(n)\subset\Gamma\subset SL_{2}(\mathbb{Z})$ $m<n$ $\Gamma\not\supset\hat{\Gamma}(m)$
$\Gamma$
$n$
length spectrum 2 2
2.1 2
$Q(x, y)=[a, b, c]:=ax^{2}+bxy+cy^{2}$
$a,$ $b,$ $c\in \mathbb{Z}(gcd(a, b, c)=1)$ 2 2 $D=D(Q):=b^{2}-4ac$ $[a, b, c]$
$Q(x, y)=Q’((x, y)g)$ $g\in SL_{2}(\mathbb{Z})$ 2 2 $Q$
$Q’$ $(Q\sim Q’)$ $h(D)$ $D$ 2
$D$ $t^{2}-Du^{2}=4$ $(t, u)$
$t^{2}-Du^{2}=4$ $i$ $(tu)=(t_{j}(D), u_{j}(D))$ $\epsilon j(D)$ $:=(t_{j}(D)+uj(D)\sqrt{D})/2$
$\epsilon(D)=\epsilon_{1}(D)$ $D$ $\epsilon J(D)=\epsilon(D)^{j}$
2 $Q=[a, b, c]$ $(t, u)$ $SL_{2}(Z)$
$\gamma(Q, (t, u));=(^{\frac{t+bu}{2}}au \frac{t-b-cu\eta 4}{2})\in SL_{2}(\mathbb{Z})$ . (5)
$\gamma=(\gamma_{ij})_{1\leq i,j\leq 2}\in SL_{2}(Z)$
$t_{\gamma}:=\gamma_{11}+\gamma_{22}, u_{\gamma}:=gcd(\gamma_{21}, \gamma_{11}-\gamma_{22}, -\gamma_{12})$ ,
$a_{\gamma}:=\gamma_{21}/u_{\gamma}, b_{\gamma}:=(\gamma_{11}-\gamma_{22})/u_{\gamma}, c_{\gamma}:=-\gamma_{12}/u_{\gamma}$ , (6)
$Q_{\gamma}:=[a_{\gamma}, b_{\gamma}, c_{\gamma}], D_{\gamma}:= \frac{t_{\gamma}^{2}-4}{u_{\gamma}^{2}}=b_{\gamma}^{2}-4a_{\gamma}c_{\gamma}$
(5) (6) $SL_{2}(\mathbb{Z})$ 2 2 1 1
([17] [5] 5 ). $\Gamma=SL_{2}(Z)$ $m_{\Gamma}(t)$
PrQposition 2.1. $t\geq 3$
$m_{SL_{2}(\mathbb{Z})}(t)= \sum_{u\in U(t),j_{t,u}=1}h(D_{t,u})$
,








$\underline{1}. = \underline{1}_{tr\chi_{\Gamma}(\psi)}$ , (7)
$t_{\gamma^{j}}=t t_{\gamma^{j}}=t$
$xr:=Ind_{\Gamma}^{SL_{2}(\mathbb{Z})}1$ $\Gamma$ $tr\chi_{\Gamma}(\gamma)$ $(t_{\gamma}, u_{\gamma})$
Proposition 2.2. $n\geq 1$ $t\geq 3$ $\Gamma$ $n$






Theorem 3.1. $t\geq 3$ $\Gamma$ $SL_{2}(Z)$
$I_{\Gamma}(t);= \frac{\log(\frac{1}{2}(t+\sqrt{t^{2}-4}))}{\sqrt{t^{2}-4}}\hat{m}_{\Gamma}(t)$
$k\geq$ l, r: $=(r_{1}, \cdots, rk)\in \mathbb{Z}^{k-1}$
$c_{\Gamma}^{(k)}( r) :=\lim_{xarrow\infty}\frac{1}{x}\sum_{3\leq t\leq x}I_{\Gamma}(t+r_{1})\cdots I_{\Gamma}(t+r_{k})$
$c_{\Gamma}^{(k)}( r)=\prod_{p}(\lim_{\downarrowarrow\infty}p^{l(k-1)}\sum_{m\in\mathbb{Z}_{p^{l}}}F_{\Gamma}(m+r_{1};p^{l})\cdots F_{\Gamma}(m+r_{k};p^{l}))$
$F_{\Gamma}(m;n):= \frac{\neq\{\gamma\in\Gamma(n)\backslash \Gamma(n)\Gamma|tr\gamma\equiv mmod n\}}{\#\Gamma(n)\backslash \Gamma(n)\Gamma}$







$q\geq 1$ $f$ : $\mathbb{N}arrow \mathbb{C}$
$||f||_{q}:=( \lim xarrow\infty\sup\frac{1}{x}\sum_{1\leq n\leq x}|f(n)|^{q})^{1/q}$
$\epsilon>0$ $||f-h||_{q}<\epsilon$ $h$ $f$
q-limit periodic function $\mathcal{D}^{q}$ $q$-limit periodic function $||fi-f_{2}||_{q}=0$
$fi,$ $f_{2}$ $\mathcal{D}^{q}$ $||*||_{q}$
Proposition 3.2. $q\geq 1$ $fi,$ $\cdots,$ $f_{q}\in \mathcal{D}^{q}$ $\{f_{ij}\}_{j\geq 1}$
$||f_{ij}-f_{i}||_{q}arrow 0(jarrow\infty)$ $fi_{j},$ $\cdots,$ $f_{qj}$ $N_{j}$
$\rho_{imN_{j}=\infty)}jarrow\infty$
$\lim_{xarrow\infty}\frac{1}{x}\sum_{1\leq t\leq x}f_{1}(t)\cdots f_{q}(t)=\lim_{jarrow\infty}N_{j}^{q-1}\sum_{m\in \mathbb{Z}_{N_{j}}}F_{1j}(m;N_{j})\cdots F_{qj}(m;N_{j})$ .
$F_{ij}(m;N_{j}):= \lim_{xarrow\infty}\frac{1}{x}\sum_{N_{j}t\equiv mmod}f_{ij}(t)=\frac{1}{N_{j}}f_{ij}(m)1\leq t\leq x$
$I_{\Gamma}$
$q$-limit periodic $I_{\Gamma}$
$I_{\Gamma}(t)= \sum_{u\in U(t)}\omega_{\Gamma}(t, u)u^{-1}L(1, D_{t,u})$
$L(1, D_{t,u}):= \prod_{p}(1-(D_{t,v}/p)p^{-1})^{-1}$ $P\geq 2,$ $M\geq 1$
$\beta_{\Gamma,P,M}(t):=\sum_{u\in U(t)}\omega_{\Gamma}(t, u)u^{-1}\prod_{p\leqP}(1-(D_{t,u}/p)p^{-1})^{-1}$
$p|u\Rightarrow p\leq Pord_{p}u\leq M$
$\Gamma=SL_{2}(\mathbb{Z})$ $\beta_{\Gamma,P,M}(t)$ $B_{P,M}$ $:=2^{2M+3} \prod_{2<p\leq p}p^{2M+1}$
Peter [14] $q\geq 1$ $I_{SL_{2}(\mathbb{Z})}$ $\beta_{SL_{2}(\mathbb{Z}),P,M}$ $q$-limit periodic
$\Gamma$
$n$ $\omega_{\Gamma}(t, u)$ $PSL_{2}(\mathbb{Z}_{n})$
$\beta_{\Gamma,P,M}(t)$ $n^{2}B_{P,M}$
Peter [14] $q$ $I_{\Gamma}\in \mathcal{D}^{q}$
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Lemma 3.3. $q\geq 1$
$||I_{\Gamma}-\beta_{\Gamma,P,M}||_{q}\ll P^{-\epsilon}+2^{-M}(\log P)^{2}$ as $P,$ $Marrow\infty$
$\epsilon>0$
Proof. $\Gamma=SL_{2}(\mathbb{Z})$ Peter [14] Lemma 3.1, Proposition 3.7, Corollary 4.2
$0\leq\omega r(t,u)\leq$ [SL2 $(\mathbb{Z}):\Gamma$]
3.3 $I_{\Gamma}(t)$
Theorem 3.1 $c_{\Gamma}^{(k)}(r)$ $I_{\Gamma}(t)$
Theorem 3.4. ( $[1Z21J)\Gamma_{1},$ $\Gamma_{2}$ $SL_{2}(\mathbb{R})$ $vol(\Gamma_{1}\backslash H)<$
$\infty,$ $\Gamma_{1}\triangleright\Gamma_{2},$ $[\Gamma_{1} : \Gamma_{2}]<\infty$ $[g]\in$ Coni $(\Gamma_{2}\backslash \Gamma_{1})$
$\neq\{\gamma\in$ Prim$(\Gamma_{1})|\sigma(\gamma)\subset[g],$ $N( \gamma)<x\}\sim\frac{\#[g]}{\#\Gamma_{2}\backslash \Gamma_{1}}$ li $(x)$ (9)
$\sigma$ : $\Gamma_{1}arrow\Gamma_{2}\backslash \Gamma_{1}$
$tr\gamma$ Theorem 3.4
Lemma 3.5. $N\geq 1$ $m\in \mathbb{Z}_{N},$ $\Gamma$ $SL_{2}(Z)$
$\lim_{xarrow\infty}\frac{1}{x} \sum_{3\leq t\leq x,t\equiv mmod N}I_{\Gamma}(t)=\frac{\#\{\gamma\in\Gamma(N)\backslash \Gamma\Gamma(N)|tr\gamma\equiv mmod N\}}{\neq\Gamma(N)\backslash \Gamma\Gamma(N)}.$
$N=p^{r},$ $\Gamma\Gamma(p^{r})=SL_{2}(\mathbb{Z})$ Lemma 3.5
Lemma 3.6. $p=2,$ $r\geq 6$
$\#\{\gamma\in SL_{2}(\mathbb{Z}_{2^{r}})|tr\gamma\equiv tmod 2‘\}$
$=\{\begin{array}{l}2^{2r-1} (2\nmid t) ,3. 2^{2r-2}, (4|t) ,3. 2^{2r-1}, (t\equiv 16t_{1}\pm 2mod 2^{r}, t_{1}\equiv 5mod 8,or t\equiv 2^{l}t_{1}\pm 2mod 2^{r}, t_{1}\equiv lmod8, l\geq 6:even),5. 2^{2r-2}, (t\equiv 16t_{1}\pm 2mod 2^{r}, t_{1}\not\equiv 5mod 8) ,3. 2^{2r-1}-2^{2r-l/2}, (t\equiv 2^{l}t_{1}\pm 2mod 2^{r}, t_{1}\not\equiv lmod 8, l\geq 6:even) ,3. (2^{2r-1}-2^{2r-(l+3)/2}) , (t\equiv 2^{l}t_{1}\pm 2mod 2^{r}, 2\nmid t_{1}, l\geq 3:odd) ,3. 2^{2r-1}-2^{\lfloor(3r-1)/2\rfloor}, (t\equiv\pm 2mod 2^{r}) .\end{array}$
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$p\geq 3,$ $r\geq 1$
$\#\{\gamma\in SL_{2}(\mathbb{Z}_{p^{r}})|tr\gamma\equiv tmod p^{r}\}$
$=\{\begin{array}{ll}p^{2r-1}(p-1) , ((T/p)=-1) ,p^{2r-1}(p+1) , ((T/p)=1 or p^{l}||T, 2|l, (_{p}^{T}\urcorner/p)=1) ,p^{2r}+p^{2r-1}-2p^{2r-l/2-1}, (p^{l}||T, 2|l, (_{p}^{T}\urcorner/p)=-1) ,p^{2r}+p^{2r-1}-p^{2r-(\iota+1)/2}-p^{2r-(l+3)/2}, (p^{l}||T, 2\nmid l) ,p^{2r}+p^{2r-1}-p^{\lfloor(3r-1)/2\rfloor}, (T\equiv 0mod p^{r}) ,\end{array}$
$T:=t^{2}-4$
3.4 Theorem 3.1
Lemma 3.3 $q\geq 1$ $I_{\Gamma}\in \mathcal{D}^{q}$ $I_{\Gamma}$ $\beta_{\Gamma,P,M}$
Proposition 3.2 $f_{i}(t)=I_{\Gamma}(t+r_{i})$ $\{f_{ij}(t)\}_{j}=\{\beta_{\Gamma,P,M}(t+r_{i})\}_{P,M}$
$($ $\{N_{j}\}_{j}=\{n^{2}B_{P,M}\}_{P,M})$ .




$|c_{\Gamma}^{(k)}( r,j)-\tilde{c}_{\Gamma}^{(k)}(r,j)|\leq N_{j}^{k-1}\sum_{m\in \mathbb{Z}_{N_{j}}}\sum_{1\leq l\leq k}F_{1j}(m;N_{j})\cdots F_{l-1,j}(m;N_{j})$
$\cross|F_{lj}(m;N_{j})-F_{l}(m;N_{j})|F_{l+1}(m;N_{j})\cdots F_{k}(m;N_{j})$ . (11)
$F_{ij}$ $\beta_{\Gamma,P,M}$
$N_{j}F_{i_{J}’}(m;N_{j})=\beta_{\Gamma,P,M}(t+r_{j})$





$N_{j}F_{i}(m;N_{j}) \ll\prod_{p\leq P}\frac{p^{2M+1}\neq\{\gamma\in SL_{2}(\mathbb{Z}_{p^{2M+1}})|tr---m+r_{i}mod p^{2M+1}\}}{\#SL_{2}(\mathbb{Z}_{p^{2M+1}})}$
Lemma 3.6 $\#SL_{2}(\mathbb{Z}_{p^{r}})=p^{3r-2}(p^{2}-1)$
$N_{j}F_{i}(m;N_{j}) \ll\prod_{p\leq P}\frac{p^{2M+1}p^{4M+1}(p+1)}{p^{6M+1}(p^{2}-1)}=\prod_{p\leq P}(1-p^{-1})^{-1}\ll\log P$ (14)
(11) (12), (14) Lemma 3.3
$|c_{\Gamma}^{(k)}( r,j)-\tilde{c}_{\Gamma}^{(k)}(r,j)|\ll(\log P)^{2k-2}\sum_{1\leq\iota\leq k}\sum_{m\in \mathbb{Z}_{N_{j}}}|F_{lj}(m;N_{j})-F_{l}(m;N_{j})|$
$\leq(\log P)^{2k-2}\sum_{1\leq t\leq }||fi_{j}-f_{l}||_{1}$
$\ll(\log P)^{2k-2}(P^{-\epsilon}+2^{-M}(\log P)^{2})arrow 0$ a$s$ $P,$ $Marrow\infty$ $(M\gg\log P)$ .
(15)






$\Gamma\Gamma(p^{l})=SL_{2}(\mathbb{Z})$ $\#SL_{2}(\mathbb{Z}_{p^{r}})=p^{3r-2}(p^{2}-1)$ $1\leq l\leq r-1$
$\neq\{t\in \mathbb{Z}_{p^{r}}|(T/p)=1\}=p^{r-1}(p-3)/2,$
$\#\{t\in \mathbb{Z}_{p^{r}}|(T/p)=-1\}=p^{r-1}(p-1)/2,$
$\#\{t\in \mathbb{Z}_{p^{r}}|p^{l}||T, (Tp^{-l}/p)=1\}=p^{r-1}(p-1)$ ,
$\#\{t\in \mathbb{Z}_{p^{r}}|p^{l}||T, (Tp^{-l}/p)=-1\}=p^{r-1}(p-1)$ ,
$\#\{t\in \mathbb{Z}_{p^{r}}|T\equiv 0mod p^{r}\}=2.$












Lemma 4.1. $P^{N},P^{r}$ $(N\leq r)$ $1\leq l\leq r-1$
$\#\{\gamma\in\Gamma(p^{r})\backslash \Gamma_{0}(p^{N})|tr\gamma\equiv t$ mod $p^{r}\}$
$=\{$
$2\check{p}^{2r+l/2-N-1},$
$(p^{l}||T, 0\leq l\leq N, 2|l, (_{p}^{T}\urcorner/p)=1)$ ,
$p^{2r-\lfloor(N+1)/2\rfloor}+p^{2r-\lfloor N/2\rfloor-1},$
$(p^{l}||T, l\geq N, 2|l, (_{p}^{T}\urcorner/p)=1)$ ,
$p^{2r-\lfloor(N+1)/2\rfloor}+p^{2r-\lfloor N/2\rfloor-1}-2p^{2r-l/2-1},$
$(p^{l}||T, l\geq N, 2|l, (_{p}^{T}\urcorner/p)=-1)$ ,
$p^{2r-\lfloor(N+1)/2\rfloor}+p^{2r-\lfloor N/2\rfloor-1}-p^{2r-(l+1)/2}-p^{2r-(l+3)/2},$ $(p^{l}||T, l\geq N, 2\nmid l)$ ,
$p^{2r-\lfloor(N+1)/2\rfloor}+p^{2r-\lfloor N/2\rfloor-1}-p^{\lfloor(3r-1)/2\rfloor},$ $(T\equiv 0)$ ,
$0$ , (otherwise).
$\Gamma=SL_{2}(Z)$
$c_{\Gamma_{0}(n)}^{(2)}(0)= \frac{1015}{864}\prod_{p\geq 3p\nmid n}\frac{p^{2}(p^{3}+p^{2}-p-3)}{(p-1)^{2}(p+1)^{3}}\prod_{p^{N}||n}\frac{2p(Np^{2}-p-N)}{(p-1)^{2}(p+1)},$




$h_{1}(p):=\{\begin{array}{ll}(p+1)(p^{6}+2p^{5}+5p^{4}+2p^{3}+5p^{2}+2p+1) , (2|N)2(4p^{6}+9p^{5}+14p^{4}+12p^{3}+14p^{2}+9p+4) , (2\nmid N) ,\end{array}$






rr$(p^{r})=SL_{2}(\mathbb{Z})$ $[SL_{2}(\mathbb{Z}):\hat{\Gamma}(p^{N})]=p^{3N-2}(p^{2}-1)/2$ $N\leq r$
$\#\Gamma(p^{r})\backslash \hat{\Gamma}(p^{N})=2p^{3(r-N)}$
$\#\{\gamma\in\Gamma(p^{r})\backslash \hat{\Gamma}(p^{N})|tr\gamma\equiv tmod p^{r}\}$
Lemma 4.2. $P^{N},P^{r}$ $(N\leq r)$ $1\leq l\leq r-1$
$\#\{\gamma\in\Gamma(p^{r})\backslash \hat{\Gamma}(p^{N})|tr\gamma\equiv tmod p^{r}\}$
$=\{\begin{array}{ll}p^{2r-N-1}(p-1) , ((T/p)=-1) ,p^{2r-N-1}(p+1) , ((T/p)=1 or p^{l}||T, 2|l, (_{i}^{\tau_{r}}/p)=1)) ,p^{2r-N}+p^{2r-N-1}-2p^{2r-l/2-1}, (p^{l}||T, 2|l, (_{p}^{T}\urcorner/p)=-1) ,p^{2r-N}+p^{2r-N-1}-p^{2r-(l+1)/2}-p^{2r-(l+3)/2}, (p^{l}||T, 2\nmid l) ,p^{2r-N}+p^{2r-N-1}-p^{\lfloor(3r-1)/2\rfloor}, (T\equiv 0) ,0, (t\not\equiv\pm 2mod p^{2N}) ,\end{array}$
$t\equiv\mp 2mod p^{2N}$ $T:=(t\pm 2)/p^{2N}$
$\Gamma=SL_{2}(\mathbb{Z})$
$c_{\hat{\Gamma}(n)}^{(2)}(0)= \frac{1015}{864}\prod_{p\geq 3dn}\frac{p^{2}(p^{3}+p^{2}-p-3)}{(p-1)^{2}(p+1)^{3}}\prod_{p^{N}||n}\frac{p^{2N-1}(p^{2}+p+1)}{2(p+1)},$
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